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I. INTRODUCTION 

It has been long known that the introduction of a renormalization scale fj, leads to a 



conformal anomaly. More explicitly, the trace of the energy-momentum tensor is no longer 
zero but rather is proportional to the renormalization group /3-function |l|. From this 
result, one can show that the effective action for a gauge theory can be written in terms 
of the running gauge coupling when considered as a function of a strong background field 



|2j. At the same time, the effective action satisfies the renormalization group equation, 
which leads to explicit summation of all its leading- log (LL), next-to-leading-log (NLL) etc. 
• contributions [3|. In this paper we exploit these two different expressions for the effective 
action to obtain a novel expression for the running gauge coupling. We relate this new 
expansion to one previously derived by systematically solving the usual differential equation 
for the running coupling. 

X 

II. THE RUNNING COUPLING AND THE EFFECTIVE ACTION 

If the effective Lagrangian L is treated as a function of fi (the renormalization scale), 
F^y (the constant background field strength) and A (the gauge coupling), then we have the 
renormalization group equation: 

dL ( d d d \ 

Since XF^ V is not renormalized [4] it follows that /3(A) = — A7(A) and equation (pQ) becomes 

"I + »n (I -!•£)] L=0 - (2) 
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where $ = F^F^ . 



For strong background fields ( i.e. A$ ^> /x 2 ) 

CO CO oo 



(3) 



n=0 m=0 



n=0 



where t = |ln [5] and S n (A 2 i) = £~ =0 T n+m>m (A 2 t) m (n = is LL, n = 1 is NLL 



etc.). Eq. (j2J) leads to the nested equations (n = 0, 1, 2 . . .) 



Sn—p — 



(4) 



where /3(A) = Ylp^Lo ^2p+3A 2p+3 and £ = A 2 t. The boundary condition for these equations is 
S„(£ = 0) = T„ . Solutions for n — 0, 1, 2 are respectively given by 



c T ,ob 5 

bi = — — In \w\ + L\ o 



S 2 



^2,0 . &7,p fl + W 

1" 7r J °.° 

W 63 \ ID 



0,0 



In Iwl + (1 + w) 



(5a) 
(5b) 

(5c) 



where w = — 1 + 263c;. (Eq. (JHJ) corrects errors in ref. [J].) For the solutions of eq. (j4j) for 
S n (n = 3 ... 6) see the appendix. 

An alternate expression for the effective action that follows from the conformal anomaly 
is 1 



L = — 



1 Ar 



4A 2 (t) 



where the running coupling A(t) satisfies 

dX(t) 



dt 



P(\(t)) (X(t = 0) = A ) 



(6) 



(7) 



Eq. ((6]) satisfies (CQ) provided /x = /xo is fixed. In ref. |3[ it is shown that eqs. (E]) and (J6j) 
are consistent provided 

T n ,o — —~;8n,o- (8) 



Furthermore, these two equations show that 



A 2 (t) 



-Ar 



n=0 



More explicitly, from eqs. it follows that 



A 2 (t) = A 2 
+ A 



1 -2W-f)H A 2 (^ln|-l + 2Mo* 



(9) 



(10) 



, , b 7 2b 3 X 2 t 
63 -1 + 2b 3 X 2 t 



h \ ln|-l + 26 3 Agt| + 26 3 Ag t 
bj -l + 2b 3 X 2 t 
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This rather unusual expression for X 2 (t) can be composed with what can be obtained 
directly from eq. (J7]). For a lowest order solution, from 



dX 2 (t) 
dt 



h\ 3 (t) (Ha) 



we easily find that 

while if we go the next order 

it follows that 



^ = A (llb) 



b 3 X%t) + 6 5 A 5 (t) (12a) 



2dt 



(xiy (b 3 + b 5 x%) 

which, when integrated, yields X(t) in terms of a Lambert W— function j6|. Eq. (Illbl) is 
identical to the lowest order contribution to eq. (|T0|) . while eq. (fTOj) yields no closed form 
expression when 6 3 , 6 5 are non-zero. 

However, eq. (fTUj) can be related to what is obtained from a perturbative solution to 
eq. (GO) which is found in the following systematic way. We begin by letting x = X 2 and 
2&2p+3 = j3 p (p = 0, 1, 2 . . .) so that eq. (JTj) becomes p]] 

^ = x 2 ((3 + p 1 x + (3 2 x 2 + ...) (13) 

If we now rescale t — > t/e,x — > ex, then make the expansion x = Xq + ex\ + e 2 Xi + . . . 
(x n (t = 0) = x5 n fi) we find that at successive orders in e, 

^ = /9b*g (14a) 
= /3o^o + 2/3ix xi (14b) 
= /?o(^i + 2x x 2 ) + 3/3iXia;o + /?4^o (14c) 



Solving these equations in turn leads to 



X ° = l^xl (15a) 

_ 2 A ln|l-A,art| 

1_ A) (1 - Poxt) 2 (15b) 

etc. 

The solutions for x n {n — 2 . . . 5) are given in the appendix. 

An alternate approach is to systematically solving eq. ([7]) is to write (in analogy with eq. 

oo oo 

x(ii ) = x(fji) r„ )TO x n (//) ln m (/i 2 //"o) (16a) 

n=0 m=0 
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5> n (CK +1 (/i) K(o)=M 



n=0 



where ( = x(fj,) In (/i 2 /^) . If now = x 2 J2^=o PnX n and 



■a;(/i) = (3 (x(fji)) 



then we see that 



(i + A)CK = -/Vo 

(1 + /3 C)oi + 2/30^ = (-ftoo - AC^o) 

(1 + /3 C)^2 + 3/V 2 = (-/3 2 (T - /3 2 C^o) + {rWx*x - 
These equations have the solutions 

a = (l + /3oC)" 1 



^2 = 7T - 7T 



ftV ln[l + A)Cl 
A>/ (1 + /3oC) 2 




1 + /?oC) 2 (l + /3oC) 3 , 
(ln|l + /3 C|-ln 2 |l + /3 C|) 



(16b) 

(17a) 
(17b) 

(18a) 
(18b) 
(18c) 

(19a) 
(19b) 

(19c) 



(1 + M) 3 



etc. 

These solutions to eq. (18) are seen to be equivalent to those of eq. (14). 

With the solution to eq. ([7j) given by eq. (15) (or alternatively eq. (19)), we find that this 
is equivalent to the expression for the running coupling given by eq. (Q where the running 
coupling appearing in eq. (JSJ) is expanded in powers of A 2 ,. This holds true to the order that 
we have computed (Ag 2 ) and we anticipate that it would be true to all orders in A 2 ,. Eq. (jUJ) 
is unusual in that the dependence of A 2 (t) on t is exclusively in the denominator. 

The sums ^ =0 5 n (A 2 t)A 2n $ and J2n=o a n (()x n+1 in eqs. © and ([TBap . fllBb]) represent 
leading-log (LL) contributions (for n — 0), next-to- leading- log (NLL) contributions (for 
n — 1) and, in general, N P LL contribution (for n = p) for L and A 2 respectively. It proves 
possible to use the renormalization group equation to perform parts of these sums, as was 
done in ref. [9| when considering the effective potential. 

We illustrate this by first considering a n ((). From eqs. (116bl) and fll7al) . (117bj) we find 
that 



;i + A)C)^ + (n + l)/3o 



a, 



p=i 



' d 



n 



P) 



(J, 



n—p 







(20) 



(This generalizes eq. f llSaj) . (118b|) . fllScj) . ) The general form of cr n (() that follows from eq. 
(HOD is 

V (21) 



Or. 



a! °M JJi+1 
i=0 j=0 
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where U = l + (3 ( and L = liaU. Substitution of eq. ([21]) into eq. (120]) leads to the recursion 
relation 



[V + + (n + 1 - <KJ + £ & 



P =i 



(i + l)<T, + i + (< - ( 22 ) 



+(j + iVSTi-^ + (^ + i-pV 



n—p 



If in eq. (122}) we set i = n + 1, then 



n 



.J + l 



n— 1 _n— 1 

"nj n,i+l 



°n+l,j+l ~~ Pi 

where p n = —(3 n /Po- If in eq. ( |23l) . we set j = n — 1, then 

0" n +l,n = Pl<Cn-l = (Pl^lO = (Pi) 



(23) 



(24) 



as by eq. (119a|) . a® = 1. Restricting erg in eq. (IZT1) to cr™ ri+1 , we find from eq. (116bl) that 



n=0 



17* 
x(/i) 



(25) 



£/ — piLx(fj) 

or, more explicitly (reversing the roles of \x and //q) 

a^(Po) 



(26) 



which is consistent with eq. f llOp . 

If j = n — 2 in eq. (123]) . an explicit expression for a r f l+ln _ 1 can be found following the 
approach of ref. |5j; this further modifies the expression for x(fu) in eq. (126]) . 

In a similar fashion, one can use eq. (jl]) to see that 



LP 



i=0 j=0 

in analogy with eq. f )22|) we find that 

n-l r 



(27) 



(j + l)^. +1 + (n-z)5!} + ^ X2p+ 3 



(28) 



n—p 



where %2p+3 = b 2p +3/b 3 (p = 1,2...). For i = n and j = n — 1, eq. (12"8"]1 reduces to 

q™ ( n ~ 2) c,n_i _„ 

^n,n AO ^n— l,n— 1 «■ 

/ L 



(29) 
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As S° = \ (by eqs. ©,©), we see by eq. (J29D that S\ tX = -Xs/4, S^ n = [n > 2). If we 
only consider the contributions to coming from 5" n , it follows from eq. (Q that 



\ 2 



A (*) = 4 



-tu- — (lnw)A 



which is identical to eq. 

Further results that follow from eq. 



arc 



(30) 



S: 



n,n— 2 



r.2 
°2.0 



o3 
°3,1 



X5X7 



4 



1 



xr\ 7 _ si i 

4 4 V2 3 n-2 

= (n > 1) 



(n > 4) 



(31a) 

(31b) 

(31c) 
(32) 



q2 _ Xl 

^i,o - 4 4 , 
5f,i = 

^-r.n-3 = j (X7X5" 2 - X 5 n ) (" > 3). 



(33a) 
(33b) 
(34) 



These contributions to L in eq. (|3]) can now be easily summed. (For the contribution of eq. 
( 13 lc[) see the appendix.) The final result for L/$ coming from eqs. (31-34) is the following 



w - xshiwA 2 + (xl - Xt) 



l + w 



w 



X 4 



(35) 



X 4 



1 



w 1 — A 2 In w/w 
X 



(A 2 In w/w — In (l — A 2 In w/w)) 



w 



{X7X5 - xl) { 1 + ^ 2 X5 In w/ w) 



-i 



where the last two terms receive contributions from all terms of order N P LL. 



III. DISCUSSION 



By exploiting the conformal anomaly, the effective action for a constant external gauge 
field can be expressed in terms of the running coupling. We have used this result to find 
an alternative expression for the running coupling that is perturbatively equivalent to the 
usual solutions to eq. ([7]). 

We have also shown how portions of all N P LL contributions to the running coupling can 
be summed. 

In lOj] a different approach was used to integrate eq. (7). In this reference, one takes 



t 



1 



dX 



M 3 + M 5 + • • • 



l 

W 3 



(36) 
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which is obtained by expanding the denominator of the integral. This is now solved intera- 
tively to yield 

A ' = -2Si + ^ fa (-^ + - (37) 



A systematic to using (1361) to expand A 2 in powers of t _1 and £nt is given in TH ; the 
techniques used resemble those that lead to (35) above. However, the renormalization group 
equation is not employed directly in ref. [11] as it is here. 
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Appendix 



The solutions for x n (n — 2 . . . 5) are as follows: 
1 



x 2 



x 



{Pi (w - In 2 w + ln(w) + 1) - (3 (3 2 (w + 1)) 



(38a) 



^3 = 



2f3 3 w A 



x 



PoPs [w 2 - 1) +/3 3 ((w + l) 2 + 2 In 3 w - 5 In 2 w - 4(w + 1) In w) (38b) 
- 2p p 2 p 1 (w(w + 1) - (2w + 3) ln(w)) 



£4 = 



.X" 



- 2/3 2 (f3 p 4 (w 3 + 1) - /3 2 (w - 5)(w + l) 2 ) (38c) 

- 6A)/3 2 /3i 2 (- (2w 2 + 5w + 3) Inw + (w - 3)(w + l) 2 + 3{w + 2) ln 2 w) 

+ (3 4 (-6 (w 2 + 5w + 4) In w + (w + l) 2 (2w - 7) - 6 In 4 w + 26 In 3 w + 9(2w + 1) In 2 w) 

+ filfi^x (4w 3 + 3w 2 - 6 (w 2 - 2) lnw + 1) 



x 5 = 



12$jw 6 



x 



^(6 (3w 2 + 2Qw + 23) In 2 w + (w + l) 3 (3w - 17) + 12 In 5 w - 77 In 4 



w 



(38d) 



+ (22 - 48w) In 3 w - 2(w + l) 2 (4w - 11) lnw) + 3$ (/3 /3 5 (w 4 - l) - 2/3 2 /3 3 (-w 2 + w + 2) 2 ) 

+/3o/ 3 3/ 9 i 2 ( ( 9uj2 ~ 22w + 23 ) ( w + I) 2 + 6 (3w 2 - 10) In 2 w - 2 (8w 3 + 15w 2 - 7) In w) 
-6l3 l3 2 l3 3 ((w + l) 2 (2w 2 -8w-3) + (6w 2 + 26w + 27) In 2 w + (-Aw 3 + 2w 2 + 30w + 24) In w 
-4(2w + 5) In 3 w) + (2/3 /3 4 (~3w 4 - 2w 3 + 2 (2w 3 + 5) In w + l) 

+ I3l(w + 1) (9w 3 - 29w 2 + (-8w 2 + 44w + 100) lnw - 37w + l) ) 



The solutions for S n (n — 3 . . . 6) are as follows: 
1 



8w 2 



X 9 {w 2 - 1) - 2 X 7X5 {w 2 + w- InH) + xl {{w + l) 2 - In 2 w) 



(39a) 



S,= 



24w 3 



2xn {w 3 + 1) + X9X5 (4w 3 + 3w 2 + 6 ln(w) + l) + 2 X 2 7 {w -2)(w+ if 



(39b) 



- £>X7xt {{w -l)(w + l) 2 + In 2 w - (w + 1) ln(w)) 

+ xt ((w + l) 2 (2w - 1) + 2 In 3 w - 3 In 2 w - 6(w + 1) ln(w)) 
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S* 



48w 4 



Xta ( - 6X7X5 ((w + l) 2 (2w 2 -2w-l) + (~2w 2 + 2w + 4) ln(w) - 2 In 3 



w 



(39c) 

+ (2iu + 5) In 2 w)-3 (2 X 7X9 K - w 2 + 2w + 2) - X13 K - l)) 
+ X9X5 (9w 4 + 8w 3 - 6 (w 2 - 1) ln(iu) + 12tw - 18 In 2 w + ll) 

+ X5 (2xn (-3w 4 - 2w 3 + 61n(w) + l) + tfftw + 1) (9w 3 - 5w 2 - 13u> + 241n(w) + l)) 
+ X5 (O + l) 3 (3w - 5) - 3 In 4 w + 10 In 3 w + 12(w + 1) ln 2 (u;) - 6(w + l) 2 ln(w)) ) 



5, 



r -l0xrxi((w + l) 3 (6w 2 -12w + 7) + (6w 2 -3w-9)\n 2 w + 6\n 4 w (39d) 

240-ur L 

- 2(3w + 13) In 3 w - 6(iu - 4) (w + l) 2 ln(w)) + X5 (3(w + l) 3 (Aw 2 - 7w - l) 
+ 30 (w 2 + hw + 4) In 2 w + 12 In 5 w - 65 In 4 w - 30(2w + 1) In 3 w 

- 10(w + l) 2 (2w - 7) \u(w)) + X9Xs(30 (w 2 - 5) In 2 w + 3(w + l) 2 (l6w 3 - 17w 2 + 8w + l) 

- 10 (Aw 3 + 3w 2 + 18w + 19) ln(iu) + 120 In 3 w) 

- 2(6x15 (w 5 + l) + 2x?(w + l) 3 (3w 2 -9w + 13) + 2xnX7 (~6w 5 + 5w 3 + I5w + 14) 

- 3xg ( 2 ^ 5 + 5w 2 - 3) ) + x 2 fx? (3 (24w 3 - 33w 2 + 2w + 39) (w + l) 2 

- 20 (w 3 - 9w 2 - I5w - 5) ln(tw) - 60(3w + 4) In 2 w) + 2 X n (10 (w 3 + l) \n(w) 
+ 3 (-6w 5 - 5w 4 + lOw + 9) - 60 ln 2 (w))^ + Xs (3xis (8w 5 + 5w 4 + 20 In(tw) + 3) 

- 2x7X9 (w + 1) (36w 4 - 21w 3 - 14w 2 + 29w + 30{w - 4) ln(to) - 14) ) 
We also employ, in evaluating the contributions of eq. (13 left to L, the result 



E 

n=4 



1 1 1 
X" I 1 h - 

2 3 4 



1 



n-2 



^(x 4 + x 5 + x 6 + 



+ -(x 5 + x 6 + 
o 



1 x 4 



1 ar 



21-z 31 -x 



x 

1 — X 



[x + ln(l - x)). 



(40a) 
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I. INTRODUCTION 

It has been long known that the introduction of a renormalization scale /x leads to a 
conformal anomaly. More explicitly, the trace of the energy-momentum tensor is no longer 
zero but rather is proportional to the renormalization group /3- function [l[. From this 
result, one can show that the effective action for a gauge theory can be written in terms 
of the running gauge coupling when considered as a function of a strong background field 
0. At the same time, the effective action satisfies the renormalization group equation, 
which leads to explicit summation of all its leading- log (LL), next-to-leading-log (NLL) etc. 
contributions jjjj]. In this paper we exploit these two different expressions for the effective 
action to obtain a novel expression for the running gauge coupling. We relate this new 
expansion to one previously derived by systematically solving the usual differential equation 
for the running coupling. 

II. THE RUNNING COUPLING AND THE EFFECTIVE ACTION 

If the effective Lagrangian L is treated as a function of \i (the renormalization scale), 
Ffjv (the constant background field strength) and A (the gauge coupling), then we have the 
renormalization group equation: 



dL 















(1) 



Since XF^ U is not renormalized [4] it follows that /3(A) = — A7(A) and equation (pQ) becomes 

d _ s / d 



2 d_ 
d\ X 9$ 



0. 



(2) 
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where $ = F^F^ . 



For strong background fields ( i.e.A$ ^> /i 2 ) 

oo oo oo 



(3) 



n=0 m=0 



n=0 



where i = |ln [5] and S„(A 2 t) = £™=o T n+m>m (A 2 t) m (n = is LL, n = 1 is NLL 



etc.). Eq. (j2J) leads to the nested equations (n = 0, 1, 2 . . .) 



-^ n (0 + 2$>P+3 

^ p=0 



fl+(»-p-l) 



S n —p — 



(4) 



where /3(A) = Xl^Lo ^2p+3A 2p+3 and £ = A 2 t. The boundary condition for these equations is 
S n (£ = 0) = T n . Solutions for n = 0, 1, 2 are respectively given by 



So = -T 0:Q w 
c T 00 b 5 

bi = — — Into + Jin 



(5a) 
(5b) 



So 



^2,0 . b 7 
r T 1 0,0 

w b 3 



1 + w 



w 



0,0 



In tol + (1 + w) 



(5c) 



where w = — 1 + 263^. (Eq. §5§ corrects errors in ref. |3|.) For the solutions of eq. (J4j) for 
S n (n — 3 . . . 6) see the appendix. 

An alternate expression for the effective action that follows from the conformal anomaly 
is 



1 A^ 



4A 2 (t) 



where the running coupling X(t) satisfies 

d\(t) 



dt 



/3(A(t)) (A(t = 0) = A ) 



(6) 



(7) 



Eq. (EJ) satisfies ([I]) provided [i — /jLq is fixed. In ref. [3[ it is shown that eqs. (JB]) and (J6j) 
are consistent provided 

T n ,o — —-$n,o- (8) 



4 



Furthermore, these two equations show that 



A 2 (t) 



~ A 

4 



n=0 



More explicitly, from eqs. it follows that 



A 2 (t) = A 2 



+ A n 



;i-26 3 A 2 t) + A 2 (_lln|-l + 2Mo* 



(9) 



(10) 



b 7 2b 3 X 2 t 
63 -1 + 26 3 A 2 t 



In 1—1 + 26 3 Agt| + 26 3 Aft 



■1 + 2b 3 \ 2 ) t 
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This rather unusual expression for A 2 (t) can be composed with what can be obtained 
directly from eq. (J7|). For a lowest order solution, from 



dX\t) 
dt 



h\ 3 (t) (Ha) 



we easily find that 

while if we go the next order 

it follows that 



A2 ^ = i^b (llb) 



dt 

dX 



hX'it) + b 5 X 5 (t) (12a) 



2dt 



{xiy (b 3 + b 5 x%) 

which, when integrated, yields X(t) in terms of a Lambert W— function jsj] . Eq. (lllbl) is 
identical to the lowest order contribution to eq. ([TO]) , while eq. (fTUj) yields no closed form 
expression when 6 3 , 6 5 are non-zero. 

However, eq. (fTUj) can be related to what is obtained from a perturbative solution to 
eq (E3) which is found in the following systematic way. We begin by letting x = X 2 and 
2&2p+3 = (3 P (p = 0, 1, 2 . . .) so that eq. (JTj) becomes [3] 

^ = x 2 (/3 + A* + /3 2 £ 2 + ...) (13) 

If we now rescale t — > t/e,x — > ex, then make the expansion x = Xq + ea;i + e 2 Xi + . . . 
(x n (t = 0) = x5 ni o) we find that at successive orders in e, 

^ = (14a) 

^ = /3 x 2 + 2/Wi (14b) 
= (3q(x\ + 2x x 2 ) + 3/3iXiXq + (3 4 Xq (14c) 



Solving these equations in turn leads to 



Xo = l^fat (15a) 

_ 2 ft ln|l-/3 xt| 
1_ A) (1 " A)**) 2 ( } 

etc. 

The solutions for x n (ra = 2 . . . 5) are given in the appendix. 

An alternate approach is to systematically solving eq. ([7]) is to write (in analogy with eq. 

oo oo 

x(/i ) = x(n) ^2 ^2 T n,rnX n {v) ln m (/iV/^o) (16a) 

n=0 m=0 



i 



n=0 



where ( = x(fj,) In (/x 2 / /!q) . If now f3(x) = x 2 J2^=o PnX n and 



2 d , 



_d_ 

djj/ 



x{n) = (x((j,)) 



then we see that 



(l + A)CK = -/Vo 

(1 + MVi + 2/Vi = (-Pi<r - Pltfo) 
(1 + AKK + 3/V 2 = (-P2CT0 - P2CO + (-Win ~ Pi(v'i) 
These equations have the solutions 

a = (l + /3 C)- 1 



/V (l + AC) 2 



0"2 




l + /3oC) 2 (l + /3oC) 3 , 
3 (ln|l + /3 C|-ln 2 |l + /3 C|) 



(16b) 

(17a) 
(17b) 

(18a) 
(18b) 
(18c) 

(19a) 
(19b) 

(19c) 



etc. 

These solutions to eq. (18) are seen to be equivalent to those of eq. (14). 

With the solution to eq. ([7j) given by eq. (15) (or alternatively eq. (19)), we find that this 
is equivalent to the expression for the running coupling given by eq. (Q where the running 
coupling appearing in eq. (J2J) is expanded in powers of A 2 ,. This holds true to the order that 
we have computed (Aj 2 ) and we anticipate that it would be true to all orders in A 2 ,- Eq. (jUJ) 
is unusual in that the dependence of A 2 (t) on t is exclusively in the denominator. 

The sums *£n=o S„(A 2 t)A 2n $ and J2n=o <?n(()x n+1 in eqs. © and (fT6aj) .(jl6b |) represent 
leading-log (LL) contributions (for n — 0), next-to- leading- log (NLL) contributions (for 
n — 1) and, in general, N P LL contribution (for n = p) for L and A 2 respectively. It proves 
possible to use the renormalization group equation to perform parts of these sums, as was 
done in ref. [^j when considering the effective potential. 

We illustrate this by first considering er n (C)- From eqs. (116bl) and (I17al) . (117bp we find 
that 

n r d 

1)A) (Tn + J^Pp 
-I p=l 

(This generalizes eq. ( I18aj) . (118b|) . (j!8cj) . ) The general form of cr n (C) that follows from eq. 
(HQ]) is 

^EE<i|i ( 21 ) 

i=0 j=0 



*4 



in 



p) 



a 



n—p 







(20) 
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where U = 1 + (3 ( and L = In U. Substitution of eq. (l2Tj) into eq. (120]) leads to the recursion 
relation 



ft [Of + + (n + 1 - + E & 



P =i 



(J + 1XTj + i + (< - ( 22 ) 



+(j + iV[^i-^ p + (^ + i-pK 



n— p 



If in eq. (1221) we set i = rt + 1, then 



a, 



n 



i + i 



re— 1 n— 1 

°re,j nj+1 



'n+lj'+l ~~ P 1 

where p n = —f3 n /(3 . If in eq. ( l23l) . we set j — n — 1, then 

o-„.+i,„ = PifC; 1 -! = (Pi) n o"? = (Pi) 



(23) 



(24) 



as by eq. (119a|) . of = 1. Restricting a"- in eq. f[2"TT) to cr™ +1 , we find from eq. (I16bl) that 



^(Po) = ^PlTW^) 



n=0 



x(/i) 



(25) 



U — piLx(n) 

or, more explicitly (reversing the roles of p and po) 

x(jio) 



x(n) 



Woln(g)+gln(l-/?oln (g)) *(p c 



(26) 



which is consistent with eq. ( llOp . 

If j — n — 2 in eq. (123]) . an explicit expression for a^ +ln _ 1 can be found following the 
approach of ref. jEJ; this further modifies the expression for x(p) in eq. (T261) . 

In a similar fashion, one can use eq. (SI) to see that 



V 



i=0 j=0 

in analogy with eq. f )22|) we find that 

n-l p 

(J + W-X'+i - (i - 2)5^ 



(27) 



(i + l^. +1 + ( n -i)5™ + ^ X2p+3 



(28) 



+(i + + (" - P - 051 



n—p 



where %2p+3 = b 2p +3/b 3 (p = 1,2...). For « = n and j = n — 1, eq. (I2"8"j) reduces to 

on _ v ( n ~ 2) r.n-1 _ n 
^n,n A. 5 ^n— l,n— 1 



(29) 



6 



As S° = \ (by eqs. fa},®), we see by eq. Q22J that = -Xs/4, = (n > 2). If we 
only consider the contributions to S n coming from S™ n , it follows from eq. (Q that 



\2 



A 2 W = 

which is identical to eq. (I2"S|) . 

Further results that follow from eq. 



X5 



^w- ^(lnuOA 2 



arc 



(30) 



SI 



n,n—2 



o2 
°2.0 



X5X7 



o3 
D 3,l 



= (n > 1) 



n-2 



(n > 4) 



(31a) 

(31b) 

(31c) 
(32) 



r,2 X5 _ X7 

^0 - 4 4 ' 

^-i,n-3 = \ [xiXt 2 ~ xl) in > 3). 



(33a) 
(33b) 
(34) 



These contributions to L in eq. fl3]) can now be easily summed. (For the contribution of eq. 
( 13 1 c[) see the appendix.) The final result for L/$ coming from eqs. (31-34) is the following 



A 4 1 



w - X5 InwA 2 + (xt - Xt) 



1 + w 



w 



A 



(35) 



(\ 2 \nw/w — In (l — A 2 lnw/w)) 



u; 1 — A 2 In w jw 

where the last two terms receive contributions from all terms of order N P LL. 



{X7X5 - xl) (l + A 2 x 5 lnw/w;) 1 



III. DISCUSSION 

By exploiting the conformal anomaly, the effective action for a constant external gauge 
field can be expressed in terms of the running coupling. We have used this result to find 
an alternative expression for the running coupling that is perturbatively equivalent to the 
usual solutions to eq. ©. 

We have also shown how portions of all N P LL contributions to the running coupling can 
be summed. 



In |10| a different approach was used to integrate eq. (7). In this reference, one takes 



7 



which is obtained by expanding the denominator of the integral. This is now solved intera- 
tively to yield 

A ' = -2Si + ^ fa (-^ + - (37) 



A systematic to using (1361) to expand A 2 in powers of t~ l and £nt is given in ll||; the 
techniques used resemble those that lead to (??) above. However, the renormalization group 
equation is not employed directly in ref. [11] as it is here. 
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Appendix 



The solutions for x n (n — 2 . . . 5) are as follows: 
1 



x 2 



x 3 (f3 2 (w - In 2 w + ln(w) + l) - f3 p 2 (w + 1)) 



(38a) 



x 3 



2/3 3 w 4 



x 



PoPs (w 2 - 1) +/3f ((w + l) 2 + 2 In 3 w - 5 In 2 w - A(w + 1) In w) (38b) 
- 2^ 2 ^(w(w + 1) - (2w + 3) ln(w)) 



£4 



- 2/3 2 (/3 /3 4 (w 3 + 1) - /3 2 > - 5)(w + l) 2 ) (38c) 

- 6/3 /3 2 /5^ (- (2w 2 + 5w + 3) In w + (w - 3) (w + l) 2 + 3(w + 2) In 2 io) 

+ /3 4 (-6 (V + 5w + 4) In w + (w + l) 2 {2w - 7) - 6 In 4 w + 26 In 3 w + 9(2w + 1) In 2 w) 

+ /3o/3 3 /3i (4w 3 + 3w 2 - 6 (w 2 - 2) \nw + l) 



•?'5 



.r 



$*(6 (3w 2 + 2Qw + 23) In 2 w + (w + l) 3 (3w - 17) + 12 In 5 w - 77 In 4 w 

(38d) 

+ (22 - A8w) In 3 10 - 2(w + l) 2 (4w - 11) Inw) + 3/3^ (/3 /3 5 (w 4 - l) - 2/3 2 /3 3 (-w 2 + 10 + 2) 2 ) 

+/3o/ ? 3/ 3 i 2 ( ( 9uj2 - 22w + 23 ) ( w + I) 2 + 6 (3w 2 - 10) In 2 w - 2 (8w 3 + 15w 2 - 7) In w) 
-6(3 (3 2 f3 3 ((w + l) 2 (2w 2 -8w-3) + (6w 2 + 26w + 27) In 2 w + (-Aw 3 + 2w 2 + 30w + 24) In i 
-4(2w + 5) In 3 io) + /3 2 /3i (2/3 /3 4 (-3w 4 - 2w; 3 + 2 (2w; 3 + 5) law + l) 

+ /3 2 2 (w + 1) (9w 3 - 29w 2 + (-8w; 2 + Uw + 100) lnw; - 37w; + l) ) 



The solutions for S n (n = 3 . . . 6) follows: 
1 



5', 



5wr 



X 9 (w 2 - 1) - 2 X 7X5 (w 2 + w- \n(w)) + xl {(w + l) 2 - In 2 w) 



(39a) 



Si 



2Aw 3 



2xn (w 3 + 1) + X9X5 (4w 3 + 3u> 2 + 6 ln(w) + l) + 2 X 2 {w - 2)(w + I)' 



(39b) 



- 6x7X5 {(w -l)(w+ l) 2 + In 2 w - (w + 1) ln(w)) 

+ xt (i w + l) 2 (2w - 1) + 2 In 3 w - 3 In 2 w - 6(w + 1) ln(w)) 
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A8w 4 



Xi3 ( - 6X7X5 ((w + l) 2 (2w 2 -2w-l) + (-2w 2 + 2w + 4) ln(w) - 2 ln a 



w 



(39c) 



+ (2iu + 5) In 2 w) - 3 (2x7X9 K - u> 2 + 2u> + 2) - X13 K - l)) 
+ X9X5 (9w 4 + 8w 3 - 6 (w 2 - 1) ln(iw) + 12iy - 18 In 2 w + ll) 

+ Xs (2xn (-3w 4 - 2w; 3 + 61n(w;) + l) +^(w + l) (9w 3 - 5w 2 - 13w + 241n(iw) + l)) 
+ X5 ((w + l) 3 (3w; - 5) - 3 In 4 w + 10 In 3 w + 12(tw + 1) ln 2 (u;) - 6(w + l) 2 ln(w)) ) 



5fi 



240w 5 



10X7X5((w + l) 3 (6w 2 -12w + 7) + (6w 2 - 3w - 9) In 2 w + 6 In 4 w (39d) 



- 2(3w + 13) In 3 w - Q(w - 4) (w + l) 2 \n(w)) + xt (3(w + l) 3 {Aw 2 - 7w - l) 
+ 30 (V + 5u; + 4) In 2 iw + 12 In 5 w - 65 In 4 w - 30(2w + 1) In 3 w 

- 10(w + l) 2 (2u; - 7) \n(w)) + X9Xs(30 (w 2 - 5) In 2 w + 3(w + l) 2 (l6u; 3 - 17u; 2 + 8w 

- 10 (4w 3 + 3w 2 + 18w + 19) ln(iu) + 120 In 3 w) 

- 2(6x15 {w 5 + l) + 2xr(w + l) 3 (3w; 2 - 9w + 13) + 2xhXt (-6w 5 + 5w 3 + 15w + 14) 

- 3xg ( 2w5 + 5u; 2 - 3) ) + X5 (xK 3 ( 24nji ~ 33nj2 + 2w + 39 ) ( w + l f 

- 20 (w 3 - 9w 2 - 15w - 5) \n(w) - 60(3w + 4) In 2 w) + 2xn (10 (w 3 + l) ln(w) 

+ 3 (-6w 5 - 5w 4 + lOw + 9) - 60 ln 2 (w))^ + Xs ( 3 Xia (8w 5 + 5w 4 + 20 ln(iu) + 3) 

- 2x7X9 (w + 1) (36w 4 - 21w 3 - 14w 2 + 29w + 30(w - 4) ln(iu) - 14) ) 
We also employ, in evaluating the contributions of eq. (13 1 cl) to L, the result 



E 

n=4 



1 1 1 

X" I 1 h - 

2 3 4 



72-2 



^(x 4 + x 5 + x e 



-(x 5 + x 6 + 



1 X 4 



1 £ E 



2 1 - x 31 -x 



X 

1 — X 



(x + ln(l — x)). 



(40a) 
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